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Abstract 

Conditional and Lie symmetries of semi-linear ID Schrodinger and diffusion equations are 
studied if the mass (or the diffusion constant) is considered as an additional variable. In this 
way, dynamical symmetries of semi-linear Schrodinger equations become related to the parabolic 
and almost-parabolic subalgebras of a three-dimensional conformal Lie algebra (conf 3 )c- We con- 
sider non-hermitian representations and also include a dimensionful coupling constant of the non- 
linearity. The corresponding representations of the parabolic and almost-parabolic subalgebras 
of (conf 3 )c are classified and the complete list of conditionally invariant semi-linear Schrodinger 
equations is obtained. Possible applications to the dynamical scaling behaviour of phase-ordering 
kinetics are discussed. 
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1 Introduction 



Symmetries have since a long time played a major role in physics. For example, starting with Lie in 
1881, the maximal kinematic invariance group of the free diffusion equation, where Ai is a constant 

2Mdt$-dj.$ = Q (1.1) 

has been studied, which is the so-called Schrodinger group Sch(d) [BU] which also arises a dynamical 
symmetry of the non-relativistic free particle jSHl HOI Hj- We shall denote its Lie algebra by sci) d . For 
d = 1 space dimensions, scl) 1 is spanned by the generators 

X-i = -d t , Y_i = -d r 
Yi = -td r -Mr 

2 

X = -tdt-^rdr-- (1.2) 

Xi = -t 2 d t - trd r - —r 2 - xt 
M = -M 

which allows to write the non- vanishing commutators compactly as [X n , X n r] = (n—n')X n+n /, [X n , Y m ] = 
(n/2 — m)Y n+m , [Yi,Y_i] = M where n, n' G {±1,0} and m G {±|} (see jH] for generalizations to 
d > 1). The free Schrodinger equation is recovered from the analytical continuation M. = im. It is 
a well-known fact that the same group also acts as kinematic invariance group of certain non-linear 
Schrodinger equations of the form 

2mid t <$> - dl® = F{t, r, $*) (1.3) 

If the potential is chosen in the form F = c ($<£>* ) 2 / d $, where c is a constant, then eq. (jl.3|) is invariant 
under sci) d provided the scaling dimension of $ is taken to be x = d/2, see e.g. [TOJ ESI [EE] • Nonlinear 
Schrodinger equations arise in many physical applications, for recent reviews see [HI EH] • We also men- 
tion the recently established Schrodinger-invariance of non-relativistic fluid dynamics |1T| IHT] . Math- 
ematically, there has been a lot of effort to establish the existence of solutions with certain regularity 
properties, see e.g. 0, and on the other hand the group classification of non-linear Schrodinger equa- 
tions has been intensively studied, see jTUl IEE1 EH ESI 113 CEl IE3 EI and references therein. Sprectral 
properties are studied in [Hj. A great deal is known about the representations of sch d |o^l IqT?1 12^1 |2"H l3Ti] 
and this can be applied to find symbolic solutions of non-linear Schrodinger equations. 2 

Very similar equations have been studied in attempts to understand the coarsening process which 
systems undergo after having been quenched from a disordered initial state to below their critical 
point, see e.g. [HI El H2J EU EH UH HH EH] for reviews. In its most simple setting, one considers a 
ferromagnetic system (e.g. described by an Ising model) which from some initial high-temperature state 
is rapidly quenched into its ordered phase below its critical temperature T c > where there are at least 
two competing equilbrium states. Although the system relaxes locally towards one of the equilibrium 
states, a global relaxation is not possible and this leads to a very slow evolution of the macroscopic 
observables. From a miscrocopic point of view, the system's evolution is characterized by the formation 
of correlated domains of time-dependent linear size L(t) and one typically finds a power-law behaviour 
L(t) ~ t 1/z where z is called the dynamical exponent. This in turn signals a dynamical scale-invariance 

2 Related questions include the dynamical symmetries in de Sitter space [221122], g-deformations [22; Chern-Simons 
theory [23 HI] , difference equations |25U56 | or even the integrable quantum non-linear Schrodinge equation, see e.g. |14j. 
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in the system's evolution. A coarse-grained description is usually given in terms of the order parameter 
$ = $(£, r), which in the absence of any macroscopic conservation law is assumed to satisfy [SHE] 




dV($) 
d$ 



(1.4) 



where T is a kinetic coefficient and V($) is the potential which enters into the Ginzburg-Landau free- 
energy functional and which is assumed to have a double-well structure, i.e. V(<&) = (1 — $ 2 ) 2 [Tl"l I12j. 
For simplicity, we dropped here the thermal noise which is known [11J to be irrelevant for the long- 
time behaviour we are interested in. The disordered initial state enters through 'white-noise' initial 
conditions and one looks for the long-time behaviour of the solutions of ()1.4)) . 

It has turned out to be convenient to characterize this evolution in terms of the two-time autocor- 
relation C(t, s) and the associated two-time autoresponse R(t, s) defined as 



where h(s) is the time-dependent magnetic field conjugate to $ and (.) denotes the average over the 
fluctuations in the initial state (and thermal histories). Here, t is referred to as observation time and 
s as waiting time. By definition, the system undergoes ageing if C or R depend on both t and s and 
not merely on the difference r = t — s. It is well-accepted (although still unproven) that in the ageing 
regime, that is for times t, s ^> t m i cro and t — s ^> t m i cro , where t m i cro is some microscopic time scale, 
dynamical scaling holds true such that 



and one would like to be able to compute the scaling functions fc,R,(y)- The free diffusion equation 
is the simplest example of a system undergoing ageing [20] • Motivated by a formal analogy with 
the well-known conformal invariance in equilibrium critical phenomena, it has been suggested that 
the Schrodinger group might play a similar role in certain ageing systems |4"2*1 EH]. 3 If this working 
hypothesis is made, explicit forms for the scaling function /^(y) |4"31 l4"4"j and more recently also for 
fc(y) [HUGH] can been derived. These agree with the exact results in several soluble models, such as 
the spherical model [301 EH UH EH] , the ID Glauber-Ising model [SSI EH EI], the critical voter model 
|271 128j . the bosonic versions of the contact and the pair-contact processes [3] and the free random walk 
|2Uj . Furthermore, these forms also agree with the results of numerical simulations in the 2D and 3D 
kinetic Ising [3U| and XY models 0121 and with recent results in the 2D three-states Potts model |58j . 

In order to understand whether these observations may be viewed as manifestations of a dynamical 
symmetry we remark the following: 

1. In ageing phenomena, time-translation invariance is broken. Therefore, one should a priori not 
expect full Schrodinger-invariance but at best invariance under some sub-algebra of scf) rf which 
does not contain time-translations. For a classification of the Lie subalgebras of sci) 1 see |lUj . 

2. If one considers equations as (jl.4j) as the classical equations of motion of a field-theory, sufficient 
conditions for the validity of Schrodinger-invariance can be formulated. If that field-theory is 
local and taking the analogous case of conformal invariance as a guide, one may show from a 

3 Hcrc we only consider the phase-ordering kinetics of ferromagnetic systems without any macroscopic conservation 
laws and quenched to below their critical point. Then z = 2 has been derived [ST] and a necessary condition for the 
applicability of Schrodinger-invariance is satisfied. 



C(t,s) :=<*(*)*(*)> , R(t,s): 



5h(s) 



h=0 



(1.5) 



C(t,s) = s- b f c (t/s) , R(t,s) = s- 1 - a f R (t/s) 



(1.6) 
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consideration of the energy-momentum tensor that the special Schrodinger-invariance (generated 
by Xi) follows provided that dynamical scaling and in addition Galilei-invariance are satisfied 



3. If the deterministic part of the field-theory is Galilei- invariant, then both C(t, s) and R(t, s) in the 
presence of noise can be expressed in terms of quantities calculable from the noiseless part [64] . 
Hence it is enough to study the symmetries of the deterministic part, which reduces the problem to 
understanding the symmetries, especially the Galilei-invariance, of a non-linear partial differential 
equation, such as (jl.4|) . 

At first sight, the problem of finding the Galilei- invariant semi-linear Schrodinger equations (jl.3|) seems 
to have been answered long ago and only allows the specific potential F quoted above [33]. Furthermore, 
complex-valued solutions of eq. ()1.3|) are required, which apparently excludes applications to kinetic 
equations such as ()1.4|) with real-valued solutions. In this paper, we shall propose a way around these 
difficulties. 

We begin by recalling that the Schrodinger algebra sc\) d in d spatial dimensions is a subalgebra of 
the complexified conformal algebra (conf d+2 )c in + 2 dimensions [T3J["""5]. A simple way of seeing this 
is to treat the 'mass' A4 = im as a further dynamical variable and to introduce a new wave function 

$ = $ m (t, r) = / dC e" im ^(C, t, r) (1.7) 



/2tt 

For notational simplicity, we restrict from now on to the case d = 1. Then the generators (jl.2j) become 

X_! = -d t , Y_i = -d r 

2 

Yi = —td r — rd^ 

1 „ x ,„ „ s 



■i 



X = -td t - 2 r <9<, ,, 

1 
2 

M = -d c 



X x = -t 2 d t - trd r - -r 2 d c - xt 



The free Schrodinger equation (jl.lj) then becomes (2d^dt — d 2 ) ^ = which through a further change 
of variables can be brought into a massless Klein- Gordon/Laplace equation in three dimensions which 
has the simple Lie algebra (conf 3 )c = so(5, C) = B 2 as dynamical symmetry. It is useful to illustrate 
this in terms of a root diagram, see figure C^, from which the correspondence between the roots and 
the generators of scf^ can be read off. Four additional generators should be added in order to get the 
full conformal algebra (conf 3 )c which we take in the form [12] 



N = -td t + (d c 

V- = —(d r — rd t 

W = -( 2 d ( -(rd r -^r 2 d t -x( (1.9) 

V + = -2trd t - 2(rd c - (r 2 + 2(t)d r - 2xr. 

In applications to ageing phenomena, it turned out that the parabolic subalgebras of conf 3 play an 
important role. 4 The complete list of non-isomorphic parabolic subalgebras of conf 3 is as follows [4*3] 

4 The minimal standard parabolic subalgebra So of a simple complex Lie algebra g is spanned by the Cartan subalgebra 
t) of g and the set of positive roots. A standard parabolic subalgebra C g is a subalgebra of g which contains Sq |54j . 
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Figure 1: (a) Root diagram of the complex Lie algebra and the identification of the generators 
(ll.8ll.9|) of the complexified conformal Lie algebra (conf 3 )c 3 (scfjjc- The double circle in the cen- 
ter denotes the Cartan subalgebra. The generators belonging^ to the three non-isomorphic parabolic 
subalgebras [12] are indicated by the full points, namely (b) sd) 1 , (c) age x and (d) atti. 

1. sct) 1 , spanned by the set {X^ 0t i,Y_i i,M ,N}. 

2. age-L, spanned by the set {X 0jl , Yli i , M , iV}. 

3. atti, spanned by the set {D, X 1; i , M , N, V + }. 

Here we used the generator D of the full dilatations 

D := 2X — N = -td t - rd r - (d ( - x (1.10) 

In figure ^Dcd, we illustrate the definition of these three parabolic subalgebras through their root 
diagrams. 

One can also consider the corresponding subalgebras without the generator N, namely 

1. sct)^ spanned by the set {Jf_i )0 ,i, YLi a, M }. 

2. age^ spanned by the set {X 01 , i , M }. 

3. atti, spanned by the set {D, Xi,Y_i i, M ,V + }. 

We call almost-parabolic subalgebras those subalgebras of a parabolic subalgebra s which are obtained 
by leaving out one of the generators of the Cartan subalgebra f) of s. Therefore, sci) 1 , agc x and alti are 
almost parabolic, because we merely have to add the generator iV e f) in order to make them parabolic 
subalgebras. In view of possible applications tojigeing phenomena, we shall be mainly interested in 
the algebras 5 agc : and atti, as well as agc x and atti because they do not contain the time-translation 
generator X_ x . 

After these preparations, we can now formulate the questions studied in this paper. For notational 
simplicity, we restrict ourselves to d = 1 space dimension and look for a semilinear and non- derivative 
extension of the free "Schrodinger equation" of the form 

5^ := (2d ( d t - dl) * = F(C, t, r, **) (1.11) 

which are invariant under one of the subalgebras of (conf 3 )c as sketched in figure[TjDcd. We shall initially 
take \l/ to be a complex-valued function as is appropriate for the physical context of eq. (jl.3j) and shall 

5 The name of aQZ 1 comes of course from ageing, while att-i is inspired by its German equivalent, altern. 
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return later to the question whether non-trivial symmetries involving only real-valued functions \I> are 
possible, as would appear more natural for equation (jl.4j) . Our main tool will be the construction of 
new differential-operator representations of the algebras defined above. In section 2, we shall relax the 
condition of having skew-hermitian representations of the Schrodinger group and of the other algebras of 
figure n More general representations will be constructed and we shall then find the most general semi- 
linear equation of the form (jl.lljl invariant under these. On the other hand, non-linear equations of the 
forms (|1.3I1.4I1.11|) imply the existence of a coupling constant with the nonlinearities, which in existing 
studies is tacitly admitted to be dimensionless. This hidden assumption leads to rather restricted form 
of admissible potentials. Hence for a given form of the potential, Schrodinger-invariance should only 
hold for one special value of the spatial dimensionality d, which is in disagreement with the existing 
numerical and analytical results on ageing quoted above. We shall inquire into the consequences of 
treating dimensionful coupling constants, which consequently will transform under scaling and special 
transformations. In section 3, we contruct the representations with a dimensionful coupling constant 
and in section 4 we find the nonlinear Schrodinger equations invariant under these new representations. 
Section 5 presents our conclusions. 



2 Non skew-hermitian representations 
2.1 General remarks 

We recall first the basic method used in finding non-linear equations with a given symmetry group, as 
outlined e.g. in [10J. Consider first the linear equation 

S$(t,r) = Q (2.1) 

and let G be an one-dimensional Lie group which acts on the equation (|2.1|) such that solutions are 
transformed into solutions. In this paper we are going to consider a projective action of the elements 
gGGon the solutions $(t,r) such that 

[T(g)<S>](t,r)=v g (t,r)$(l/y). (2.2) 

where (t',r') = g(t,r). For G to be symmetry group one requires 

§[T(g)9](r,t) = Q (2.3) 

for all $ satisfying (|2.1|) . It is convenient to consider instead of G its Lie algebra g and to expand 

T(g) = l + eX + ... 

X$ = (a{t,r)d t + b{t,r)d r + c{t,r))<$> (2.4) 
Now, equation ()2.3|) implies the operator equation 

[S,X} = \{t,r)S (2.5) 
In the same way, for the nonlinear equation 

S$(t,r)=F(t,r,&,&*) (2.6) 
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one arrives at the following conditions 

S[T(g)$)(t,r) = F(t,r,[T(g)$)(t,r),[T(g)$)*(t,r)) 

S{X$) = {X$)d$F + (X$)*d*.F (2.7) 

Combining (j2.5l2.7j) with the explicit form ()2.4|) of X gives jTU] 

[a(t, r)d t + b(t, r)d r - c(t, r)$d 4 - c*(t, r)$*<9$* + (c(t, r) + A(t, r))] r, $, $*) = (2.8) 

This linear equation can be solved with standard techniques. For Lie algebras with dimjj > 1, one has 
one such equation for each independent generator. In the same way, further independent variables can 
be included straightforwardly. Evidently, the symmetry algebra of the quasi-linear equations considered 
here must be a subalgebra of the symmetry algebra of the linear part. 

Throughout, we shall work with the linear Schrodinger operator 

S := 2M X_! - Y\ (2.9) 



which satisfies 



[S, M ] = [S,Y_±] = [S,Yi] = [S,X^\ = [S,N] 

1 

2 



[S,X Q ] = -S , [5,Xi] = -2tS-2 [x-\ )M (2.10) 



[§,V+] = -AtS-a[x- 1 ^Y_, 

from which we can read off the eigenvalues \(t, r). We also see that invariance under the algebras sci) 1 , 
agc 1 or alti (or the parabolic extensions) holds on the space of solutions of S§ = 0, provided x = 1/2. 

2.2 Representation with a generalized scaling behaviour 

For the free Schrodinger equation S"$ = 0, invariance under sci) l implies that the scaling dimension of 
the solution $ is x = |. In order to relax this constraint while conserving the symmetry, we follow 64 
and modify the generator X\ in (jl.8|) by adding a term — kt, where k is some constant. Then we should 
further add a further generator Z := —kZo, where Zq is central. From now on, we shall work with a 
variable 'mass' and go over to the conjugate variable (. We require that the commutators which are not 
in the centre are unchanged and find that with respect to eqs. (|1.8|1.9j) only the following generators 
are modified 

X 1 = -t 2 d t -trd r -^r 2 d ( -(x + k)t (2.11) 

V+ = -2trd t - 2Crd ( - (r 2 + 2Ct)d r - 2(x + k)r 
Z = —kZ 

The only commutators which are modified are the central ones 

[X 1: X^\ = 2X + kZ 

[V+,Y_i] = 4X - 2N + 2kZ (2.12) 



6 



and we see that Z can be absorbed into a redefinition of the generators X orD, as expected on general 
grounds [221 • However, the presence of the parameter k is important for the determination of invariant 
non-linear equations, as we shall see now. 

Consider the non-linear Schrodinger equation (jl.llj) 



Eq. 



(2d ( d t - d 2 r )^((, t, r) = F(C, t, r, **) 

then gives the following conditions on F, for each of the generators: 

Y_i : d r F = 
d t F = 



2 

M 
Yi 

2 

D 

N 

X 1 

v + 



d c F = 

(td r + rd c )F = 
td t + l -rd r - + + (| + 1 







[tdt + rd r + C<9 C - x{^d^ + ^d**) + (x + 2)] F = 
(td t - (d ( )F = 

t 2 d t + trd r + r —d c - (x + fc)t(*9e + ^*<9^.) + (x + fc + 2)t 
[2tr<9 t + (2tC + r 2 )9 r + 2rC<9 c - 2r(x + fc)(^9* + + 2r(a; + k + 2)] F = 



(2.13) 



2.14) 

2.15) 
2.16) 
2.17) 

2.18) 

2.19) 
2.20) 

2.21) 
2.22) 



We point out that already the invariance of the linear Schrodinger equation under Xi requires 
x + k = |. Consequently, the scaling dimension of \l/ which has to be fixed for an invariance is given by 
x + k and not by x alone. This is a necessary condition for the invariance of the nonlinear equation. 



Our results follows. 



1. The algebra grih- We have to solve the system eqs. (|2 .1412.1 512. 1612. 1 712. HEP) - A solution 
only exists in the well-known case k = 0, hence x = ~. This in indeed quite analogous to the 
equation (|1.3|) with a fixed mass where the same power-law for the potential was found, see e.g. 
[Ell El HE)]. One has 

F sch = F sc ^,V*) = * 5 f(^y (2.23) 

where / denotes an arbitray different iable function. Furthermore, adding the generator N by 
taking eq. ()2.20|) into account does not give anything new. Hence the result for the parabolic 
subalgebra sct) 1 is the same as before, viz. F~^ = F^. 6 

In consequence, no new form of an invariant nonlinear equation is found. 

2. The algebra agt v We now have to solve the sytems eqs. (j2~T4l EHTtI HTTP I2~T£1 YTH\ . There is no 
further constraint on k and the solution is, using again x + k — 1/2 

F asei = F aflei (*, VI/*; t) = r 4 fc /(2 fc+ l)^(2 fc+ 5)/( 2fc+ l) / ^ {2 2A) 

6 In view of the embedding sct) d C (conf d+2 )c one might also consider the semi-linear conformally invariant Klein- 
Gordon equation = F(cj)) = 0(™+ 2 )/(n-2) i n n = c? + 2 dimensions, e.g. which reproduces the form F ~ cj> b for 
the case d = 1. 
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and we see that there also appears an explicit dependence on time (only the special case k = 
was considered in [TU] ). On the other hand, if we go to the parabolic subalgebra agt 1 by adding 
the generator iV we must have k = and we find Fgg- Cl = F sct)l , that is the same result as in the 
Schrodinger case. 

3. The algebra alty Here we must solve the equations (I2TTH !2Tol I2T71 I23T1 12321) . There are 
two distinct solutions. The first one exists for all values of k and reads 

*2 = F§L(%**-,t) = r 2 */ (JQ • (2-25) 
However, for k = there is a second solution 

*S = = (2-26) 

Finally, if we go over to alti by adding the generator N, a solution exists only for k = 0, hence 

A few observations are in order. First, we see that we can trade in some cases the dependence of 
the potential F on \l/ in favour of an explicit dependence on t such that the total dimension of F is 
unchanged. Second, we find that this freedom does not exist for the parabolic subalgebras but only 
for the almost-parabolic subalgebras age x and alti which do not contain the time-translations. Third, 
and in contrast to the well-known results where the 'masses' m (or M) are kept fixed ^01 EH1 EE] ; the 
dependence on the phase ty/ty* is not determined in these representations. In particular, if we take 
/ = cste., we even have the possibility to consider a Schrodinger equation with a real solution \l> and a 
non-trivial symmetry, which is impossible if the masses are kept fixed. 

While we are not aware of immediate physical applications of the equations found here, these ex- 
amples suggest that it may be useful to consider the presence of other dimensionful quantities, such as 
coupling constants, in the nonlinear equations. We shall take this up in the next section. 

3 Representations with an additional dimensionful coupling 

In our search for more general quasilinear Schrodinger equations with a non-trivial symmetry we now 
consider explictly a dimensionful coupling constant g in the nonlinear term. In what follows, we do 
consider that g also changes under the local scale-transformations. Hence the dilatation generator is 
taken to be of the form 

J x 

X = -td t - -rd r - ygd g - - (3.1) 

where y is the scaling dimension of the coupling g. In addition, we also assume throughout that the 
generator of space translations Y_i — —d r is unchanged. 

In this section we construct the remaining generators. Their explicit form will be used in section 4 
to find the invariant semilinear equations. 
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3.1 Subalgebras a$t 1 and agc 1 

Starting form eqs. (jl.811.9)) . we look for extensions of the usual generators and write 

M = -d c -L(t,r,C,g)d g 

Yi = -td r -rd c -Q(t,r,(,g)d g 

X 1 = -t 2 d t -trd r ~^r 2 d <: -P(t,r,C,g)d g -xt (3.2) 

N = -td t + (d c -K(t,r,(,g)d g 

The unknown functions L, Q, P, K are determined from the following two requirements: 

1. the commutators of the standard realizations of aQt 1 and agt 1 are assumed to remain valid. 

2. invariance of the linear Schrodinger equation under the new representations. 

First, we consider the almost-parabolic subalgebra age^ Imposing the commutator relations, our 
results are as follows. The commutators 

[X ,X 1 ] = -X 1 , [X ,Yi] = ~Yi , [X ,M ]=0 (3.3) 

2 2i 

give 

P=Po(C)t y+1 p(u,v) , Q = qo(C)t y q(u,v) , L = l {()t y ~H(u,v) (3.4) 
where u = r 2 /t and v = t y jg. Next we use 

[X U Y_,] = Y, , [n,y_ i] = M , [Y_ i,M ] = , [y f ,M ] = (3.5) 

and obtain 

q(u,v) =2u^d u p{u,v) , l(u, v) = 2u^d u q(u, v) , dj(u,v)=0 , p (C) = 9o(C) = ^o(C) ( 3 - 6 ) 
Hence I = l(v) and 

g(w, f ) = u l l 2 l{v ) + n(f ) , v ) = — /(w) + u l ^ 2 n{v ) + m(t>) (3.7) 

where m(v),n(v) are two functions of v to be determined. The last remaining commutators 

[X 1 ,Yx] = , [X 1 ,M ]=0 (3.8) 

lead to the following system for the yet unknown functions l(v),n(v),m(v),po((), where the prime 
denotes the derivative with respect to the argument 

p (Oy(l(v)+vl\v))+p 2 (Ov 2 (l(v)m\v)-m(v)l'(v))-p' (()m(v) = (3.9) 
(2y — l)n(v ) + 2yvn{v) + 2p (Qv 2 (n(v)m'(v) — m(v)n'(v)) = (3.10) 
p' (0n(v)- P l(()v 2 (l(v)n'(v)-n(v)l'(v)) = (3.11) 

Performing a separation of the variables v and ( in eq. (J3.ll)) . we see that two cases must be distin- 
guished, depending on whether p' (() vanishes or not. 
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Case a) The NMG-representation with a non-modified mass generator M . In this case, onehaspo(C) = 
Poi = cste. We have n(v) = l(v) = 0,m(v) ^ and consequently: 

L = , Q = , P = p 01 t y+1 m(v) (3.12) 

and the function m(v) remains arbitrary. 

Case b) The MMG-representation with a modified mass generator M . In this case, we have Po(C) = 
— where Iq is a constant. We find the solutions l(v) = Iqv -1 , n(v) = rao^ 1-2 *^ 2 ^ and m(v) = cn(v) 
and set h := n /l . Consequently 

L = - 2 fg , Q = - 2 f(rg + h g^»™) 



P = -^\ r ^ + ho t rg (zy-m2y) +chot 3/2 g (2y-i)my) 
C L ^ 



(3.13) 



We have hence established the existence of two distinct representations of the algebra agti- Explic- 
itly, we always have F_i/ 2 = — d r and further in the case a) of the NMG-representation 



M = 






Yi = 

2 


—td r — 


rdc_ 


X = 


-td t - 


\rO r 


X! = 


-t 2 d t - 


- trd r 



ygdg - \ 

\r 2 d c - p 01 ty +1 m (ty/g) d g - xt (3.14) 

The NMG-representation of agc 1 is parametrized by the three constants x,y,poi and an arbitrary 
function m(v). In the case b) of the MMG-representation we have 

M = -d c + ^-gd g 

Yi = -td r -rd c ^(rg + h Q g^- l ^)d g 

2 c 



V.; i = -td t - hrd r - ygd g - | 



X l = -t 2 d t -trd r - -r 2 d ( 



1 



+ 2y ^ + hotrg{2y _ 1)/(2y) + ^3/2^(2,-1)7(2,)^ dg _ xf (315) 

The MMG-representation of agt 1 is parametrized by the four constants x, y, ho, c. 

We now look for the most general representation of the parabolic subalgebra age^ From the com- 
mutators 

[X ,N]=0 , [Y_i,7V] =0 (3.16) 

we obtain 

K = k (()t v k(u,v) , d u k(u,v) = (3.17) 
hence k(u,v) = k(v). Next, from the commutators 

[X 1 ,N]=X 1 , \Yi,N]=Yi , [M ,iV] = Mo (3.18) 
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we obtain that the functions l(v), n(v), m(v), k(v), Po(C) an d k (() must satisfy the system: 

yk (C) (k(v) + vk'(v)) - yp (() (m(v) + vm'{v)) + (p' (()m(v) 

-ko(C)Po(C)v 2 (m(v)k'(v) -m'(v)k(v)) = (3.19) 
2yPo(C) (n(v) + vn'{v)) - p (()n(v) - 2(p' (()n(v) 

+2k (()p (()v 2 (n(v)k\v) -n'(v)k(v)) = (3.20) 

ypo(C)(J(tO + vi'(v)) - ( Po (0 + MOW 

+k (Op (Ov 2 (l(v)k'(v)-l'(v)k(v))-k' (C)k(v) = (3.21) 

Our results from above for the functions l(v),n(v),m(v) found for the algebra a0e x lead to: 
Case a) NMG-representation. 

The nontrivial equations are (j3.iUj) and (|3.21|) . The last leads to k' (()k(v) = which is satisfied if 
^o(C) = = cste. (The other case k(v) = leads to K = 0,m(v) = m t> _1 , m = cste., which one can 
equivalently obtain by putting k = in ()3.19jh ) 

We find, besides Y_i/ 2 = —d r and M = —d^ for the NMG-representation of agc 1 



Y 1/2 = 


—td r — rdc_ 


X = 


-td t - ^rd r ■ 


X 1 = 


—t 2 d t — trd r 


N = 


-td t + (d ( - 



t 2 d t - trd r - V<9 ? - p 01 t y+1 m J d g - xt 



(3.22) 



This representation is characterized by the constants x,y,po±,ko and the functions m(v),k(v) which 
must satisfy the condition 

d d d / Tftiv) \ 

yk Q — {vk{v)) - yPol — (vm(v)) - k p 01 v 2 k(v) 2 — ljr4) = (3.23) 

Case b) MMG-representation. 

In this case the equations (j3.15|) and ()3.20|) lead to 

yk (()(k(v) + vk'(v))+p (()m(v) = (3.24) 

Two cases must be considered: 

!• ^o(C) = ko = cste.. This leads to k(v) = xv~ l , n(v) = m(v) = and the first MMG-realization 
of the algebra a0e x is 

M = -d c + ^gd 9 



2y 

c 

-rd r - ygd g - | 

2y ( r 2 g 



Yi = —td r — fd^ + — (rg) d g 



X = -td t - -rd r ~ ygdg - - 



Xx = -t l d t - trdr ~ ^r z d ( + 0, .rt 



N = -tdt + C<9 f - k gd g (3.25) 
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2. k' {() ^ 0. We divide the equation (13~23J) by Oo(C)Po(0) (since fc (C) ^ 0,p (C) ^ 0), denote 
/C = 1 / A^o(C) an d take the derivative with respect to ( for obtaining 

/C(C) = fo =: Co = cste. (3.26) 

m[v) 

with solutions 

^0(0 = 7^7 , k(v) = 2y-^m(v) = xv^-WW , x = 2yC Q ch (3.27) 
The second MMG-realization of the algebra clqz 1 is 
M = -d c + ^gd g 

Yl = -tdr-rd^ + ^-irg + hog^^dg 

2 c 

X = -td t - -rd r - ygdg - - 



X l = -t 2 d t -trd r - -r 2 d c 



+ 2 y(LA + hotrg^VW + ch^g^'^'A d g - xt 



N = -m + Cds-^g^-WWdg (3.28) 

Having exhausted the constraints from the commutation relation, we now require that the solution 
space of the linear Schrodinger equation is invariant under the action of these representations. This 
means 

[S,X t ] = \S, (3.29) 

for each of the generators, where S is in the representation- independent form ()2.9j) . We must distinguish 

the two cases 

1. a fixed scaling dimension x — 1/2 for the wave function 

2. wave functions with arbitrary scaling dimensions. 

First, for the NMG-realization ()3.14|) of the algebra oge 1 we have 

[S,X ] = -s 

[S,M ] = [S,Y_ h ] = [S,Y>] = 

= -2tS -(l-2x)M + M Q (3.30) 

where 

Q := [2p 01 ty {{y + l)m{v) + yvm'{v))\ d g . (3.31) 
In order to satisfy the condition (|3.29|) one must have 

((1 - 2a;)Mo - M Q) V = (3.32) 

In general, we want to satisfy the (J3.32)) on the operator level and shall relax this to a condition on the 
functions in the representation space only if a non-trivial solution cannot be found otherwise. 
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We begin with the case x — | where we must have Qty = (2p it y ((y + l)m(v ) + yvm'{v)))d g ^ = 0. 
This leads to 

m(v) = rriQV 

-(v+i)/v (3.33) 



The final NMG-realization of age x is in the case at hand 



Y_i = 






M = 






Yi = 

2 


-td r - 




x = 


-tdt- 


\rd r 


x l = 


~t 2 d t - 


- trd r 



1 

4 



(3.34) 



2 s — - y 2 

and the invariant linear Schrodinger equation is simply (2d^d t — 8^)^ = 0. 
In the other case of arbitrary scaling dimension i ^ 1/2 we have 

Qtf = (1 - 2x)^ (3.35) 

to be satisfied. Here, because of the arbitrary value of m(v) the condition ()3.35|) is written in integral 
form (using $?(t, r, £ g) — > \l/(t, r, £ u) where t> = t y / ' g)\ 

1 — 2x f dv 

*(t,r,(,v) = *o(*,r,CH / ^7T— n rTZ ( 3 - 36 ) 

2poi J v z {(y + l)m[y) + yv m'{v)) 

and the NMG-realisation of the algebra age x is given by eq. (j3.14j) . 

We remember now, that "almost-parabolic subalgebras" were defined through parabolic ones and we 
anticipate a result of the parabolic subalgebra agc 1 . In the NMG- representation, we shall show below 
that invariance of the linear Schrodinger equation leads to k(v ) = v . Hence, because of f!3.23|) we 
have m(v ) = v~ l and 

Q = 2p 01 gd g (3.37) 
for and Q = (poi = 0) in the case of canonical scaling dimension x — |. 

Invariance of the linear Schrodinger equation implies the following condition on the wave function 

Qtf (t, r, C, g) = 2p 01 gd g V(t, r, £ <?) = (1 - 2a;)tf (t, r, £ g) (3.38) 
which means r, £,g) = g( 1 ~ 2x ''( 2poi 'il>(t,r,(,) and the dependence of $ on g is determined. 

There is another possibility, namely Mq^> = 0. In this case the wave functions do not depend on £ 
So we have seen that instead of a simple Lie symmetry, we rather have a so-called conditional symmetry 
as introduced in 



Finally, the NMG-representation of the algebra age x for arbitrary scaling dimensions, subject to the 
auxiliary condition ()3.38|) is 



Y_i = 


—d r 




Mo = 


-d ( 




Yi = 

2 


-td r ~ 


rd^ 


x = 


-tdt- 


\rd r 


X X = 


~t 2 d t - 


- trd r 



ygd g - - 

^r 2 <9 c - pmtgdg - xt (3.39) 
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Second, we consider the MMG- realization of (|3.15|) of the algebra agc l . From the conditions (|3.29j) 
we have ho = and hence 

[S,X ] = -3 

[S,M ] = [S,Y_i] = {S,Yi} = 

[S,Xx] = -2tS - (1 - 2x)M Q . (3.40) 

which are satisfied automatically in the case x — 7t • 

Remark 1: The subalgebra of agt 1 obtained when leaving out the generator Xx leaves the linear 
Schrodinger equation invariant for arbitrary h . 

In the case of an arbitrary scaling dimension we must have 

M *(t, r, C, g) = U - ^-gdgj tt(t, r, (,g) = (3.41) 

which implies \I/(t, r, = \I/(t, r, C5 rl/ ^ 2y ) such that the dependence on £ and g merely enters through 
the scaling variable u := g l ^ 2y C- Again, we merely find a conditional symmetry. 

Our final result for the MMG-representation of aQt 1 reads, for any value of x 



Y i = 

2 


-d r 






M = 


-d C + 


2 y * 
J g 9 




Yi = 

2 


—td r - 


■ rd^ + 




X = 


-td t - 


-rd r - 
2 


- ygdg - 1 


Xx = 


-t 2 d t - 


- trd r - 


X y 

- -r 2 d ( + -r 2 gd g - xt 



(3.42) 

We finish by extending our results to the parabolic subalgebra age^ For the NMG-representation 
we must also satisfy the condition 

[3, N] = yt^k^kiv) + vk\v)) = (3.43) 

which gives k(v) = v^ 1 and hence, from ()3.23|) we find m(v) = v~ l for the general case and m(v ) = 
in the special The generators of the NMG-representation of agt 1 read 

Y_i = -d r 
M = -d c 
Yi = —td r — rdr 

2 ' s 

\d r - ygdg - | 
1 

-i 
2 

N = -td t + (d ( -k gd g (3.44) 



X = -td t ~ -rd r - ygdg 
Xx = —t 2 d t — trd r — 7^ r2 ^c ~~ Pmtgdg ~ x t 



Remark 2: The CctSG X — IS 

obtained from the above realization by setting p 01 — 0. 
14 



Table 1: Representations of the almost-parabolic and parabolic subalgebras g C (conf 3 )c and their 
(conditionally) invariant linear Schrodinger equation S^f = 0. The form of S and the auxiliary conditions 
only depend on the value of x but are independent of whether a parabolic or an almost-parabolic 
subalgebra is considered. 



case 





representation 


X 


auxiliary conditions 


5 





ag^ 


NMG 

L = 0, Q = 0, 
P = Poimog (y+1)/y 


= 1/2 




2d c d t - d 2 


NMG 

L = 0, Q = 0, 

P = p 01 t y+1 m(t y /g) 




see eq. (|3~35|) 

<9 C # = 


2d c d t - d 2 
d 2 


1 


agh 
ag*i 


NMG 

L = 0, Q = 0, 
P = Poitg 


= 1/2 




2d ( d t - d 2 




(2p 01 gd g + (2x - = 
d c V = 


2d c d t - d 2 . 
d 2 

r 


2 


K = k g 


3 


ag^ 


MMG 

L = -2yg/C 
Q = -2ygr/( 

n> 2 1/- 

P = -ygr /C 


= 1/2 




2d c d t -AygC l d g d t -d 2 


t^I/2 


(<9 C - 2 y (g/C)d g )V = 


(2d c d t - d 2 )^ = 


4 


ag*i 


K = k g 


5 


Otti 


L = sg/C, Q = srg/C 
p = sr 2 al2C 
F = 2srg 


= 1/2 




2d c d t + 2sg(- 1 d g d t - d 2 


t^I/2 


(d c + s^C" 1 ^)* = = 


d ( d t 


6 


alti 


K = k' g 


7 




L = Q = P = 


= 1/2 


<9 9 ^ = 
= 


2d c d t - d 2 
d 2 


L = Q = 0, P = 2ytg 


t^I/2 


<9 C ^ = 

{Aygd g + (2x - = 


2d c d t - d 2 


8 




K = k g 



The MMG-representations of agt 1 which leave invariant the linear Schrodinger equation coincide 
with eq. (|3.25j) . For x = 1/2 there is no restriction on \I/ while the condition (|3.41|) must be satisfied if 
x ^ 1/2. 

We shall need later that for the NMG-representation the linear Schrodinger equation reads simply 

(2d c d t -d 2 )V(t,r,C,g) = (3.45) 
while for the MMG-representation there arises an additional term 

- ^gd g d t - d^j r, C,g) = (3.46) 

This follows from the explicit representations and the form ()2.9j) of the Schrodinger operator S. 

We summarize the results of the classification of this and the following subsections in table ^ For 
agc 1 and agz 1 we distinguish five cases. Case 1 is obtained from case by setting m(v) = v~ l and 
only then there is an extension from agc 1 to agc 1 which is case 2. The cases 0, 1 and 3 refer to agz 1 
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and distinguish between the NMG and MMG representations as characterized by the explicit functions 
L,Q,P. For each of them, we give for both x = 1/2 and i / 1/2 the explict form of the linear 
Schrodinger operator S. For i ^ 1/2 there may be one or several auxiliary conditions which have to be 
met as well and in each case will lead to a modified form of the linear Schrodinger operator S. In these 
cases, we have hence not found a Lie symmetry but rather a non-classical one, usually referred to as 
Q-conditonal symmetry 0133]. Finally, the cases 2 and 4 apply to agc l . Here the only new information 
is the explicit form of K whereas the form of S and the auxiliary conditions remain unchanged. 

As an example, consider case 2. It refers to the NMG-representation of agc 1 and the four functions 
P,Q,L,K can be read off. Furthermore, one sees that for x = 1/2, there is no further condition on 
\l/ and the linear Schrodinger operator is S = 2d^dt — d 2 . On the other hand, for x ^ 1/2, there are 
two distinct auxiliary conditions. For each of them, one reads off the corresponding invariant linear 
Schrodinger operator S. The entry for case 1 can be read in the same way but the function K is of 
course not specified. The other cases are understood similarly. 

3.2 Subalgebras aii\ and aii\ 

For these algebras we fix the generators of dilatations D and space translations Y-1/2'. 

Y-1/2 = ~d r 

D = -tdt - rd r - (d ( - sgd g - x (3.47) 

where the exponent s describes the scaling behaviour of the coupling g. The remaining generators are 
taken in the following general form 

M = -d c -L{t,r,(,g)d g 
Y1/2 = -td r - rd ( - Q(t, r, (, g)d g 

Xl = -t 2 d t -trd r -K 2 d^P{t,rX,g)d g -xt 
N = -td t + (d c -K(t,r,(,g)d 9 

V + = -2trd t - 2(rd ( - (r 2 + 2(t)d r - F(t, r, C, g)d g - 2xr (3.48) 
Since this is a subalgebra of (conf 3 )c, we obtain the following results for atti. The comutators 

[D,Xt] = -X, , [D,Y 1/2 ] = , [A M ] = M , [D,V+] = -V+ (3.49) 

give 

p = t s+1 p(u, v, w) , Q = t s q(u, v, w) , L = t s ~ 1 l(u,v,w) , F = t s+1 f(u, v, w) (3.50) 



where 



r _ C 

u = - , v = t s g , w = - (3.51) 



Next we use 

[X 1 ,Y_ l ] = Yr , [y is y_i]=M , [Y_ i,M ]=0 , [n,M ] = , [V + ,Y_ l ] = 2D (3.52) 



and find 



q(u,v,w) — ud u p(u,v,w) , l(u,v,w) — ud u q(u,v,w) , d u l(u, v, w, ) = 

u 2 

q(u,v,w) = ul(v,w) + n(v,w) , p(u,v,w) = —l(v,w) + un(v,w) + m(v,w) , 

f(u, v, w) — Asuv + z(v, w). (3.53) 
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hence I = l(v,w). The remaining commutators 

[X 1} Yx]=Q , [V+,M ]=2Yi , [V+,Y h ] = 2X 1 , [V+,X 1 ] = (3.54) 

give the following system for the unknown functions l(v,w),n(v,w),m(v,w) and z(v,w) 

d w n + ld v n — ndj = 

(s — 1)/ — svdj — wd w l — d w m + md v l — ld v m = 

(s — i)n — svd v n — wd w n + md v n — nd v m = 

2n + zd v l — ld v z = 

2n + zd v l — ld v z — d w z = 

2m + 2wl — 2sv + zd v n — nd v z = 

2wn — (s + l)z + sv d v z + wd w z + zd v n — nd v z = (3.55) 

The solution is readily found 

z = , n = , l(v , w) = vli{w) , m(v,w) = sv — wvli(w) (3.56) 
and we arrive at the most general representation of the algebra atti 

D = —td t — rd r — C^c — s 9®g ~ x 
Y_i = -d r 

2 

M = -d c -r 1 l 1 {w)gd g 
Yi = —td r — r<9( — t~ 1 rli(w)gd g 

1 ft^r 2 \ 

X x = -t 2 d t -trd r --r 2 d ( ~ i^-h(w)+t(s-wh(w))\gd g -xt 

V + = -2trd t - 2Crd ( - (r 2 + 2Ct)d r - 2srgd g - 2xr (3.57) 
which depends on the parameters x, s and arbitrary function li (w) . 
For the algebra atti one must satisfy also the commutators 

[D,N)=0 , [Y__i,N] = 0; , [M ,N] = M 

\Yi,N]=Yi , [X 1 ,N]=X 1 , \V+,N] = (3.58) 

which gives K = t s k(u, v, w) and d u k(u, v , w) — which means that k(u, v, w) = k(v, w) and furthermore 
we have the set of equations 

(2 — s)l + svdj + 2wd w l + d w k + ld v k — kd v l = 
(1 — s)n + svd v n + 2wd w n + nd v k — kd v n = 
sk — svd v k — wd w k — sm + svd v m + 2wd w m + md v k — kd v m = 

(s + l)z — svd v z — 2wd w z + zd v k — kd v z = (3.59) 

Using eq. (|3.5fij) the system ()3.59j) reduces to the single equation 

2vh + 2vwd w h + d w k — kl\ + vl\d v k = (3.60) 

and if we recall that D = 2Xq — N we obtain the final result 

k(v,w) = k' v , k' + s = 2y ; h(w) = Iqw' 1 , K = k' g (3.61) 
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where k' and Iq are constants. We therefore have the following realization of atti 

D = —td t — rd r — C<9f — sgdg — x 
Y_i = -d r 

2 

M = -dc-^gdg 

Yi = —td r — t8q — -^rgdg 

X x = -t 2 d t - trd r - K 2 d ( - (J±r 2 + (s- l )tj gd g - xt 

V + = -2trd t - 2(rd c - (r 2 + 2(t)d r - 2srgd g - 2xr 

N = -td t + (d c - k' gd q (3.62) 

Next we impose the invariance of the linear Schrodinger equation. We have 

[S, Xo] = —S 

[S,M ] = [S,Y_ h ] = [S,Yi] = 
[S,X 1 ] = -2tS - (1 - 2x)M 

[S,V+] = -4rS + 2(1- 2x)Y_ i (3.63) 

The conditions ()3.29|) are satisfied if l = s. 

Remark 3: If the generator Xi is left out from atti and atti, the equation S^f = is invariant even 
for arbitrary l . 

In the case with fixed scaling dimension x = | the following realization of algebra alti is a dynamical 
symmetry of the linear Schrodinger equation 

D = -td t - rd r - (d ( - sgd g - - 
Y_i = -d r 

2 

M = -d c - S -gd g 



Yi = -td r - rd c - -rgd g 



2 



Xi = —t 2 d t — trd r r 2 d c -S 2 qd a 1 

i r 2 c 2( 9 2 



1 o n S n „ 1 

\ 

,2 



V+ = -2trd t - 2(rd c - (r 2 + 2(t)d r - 2syrgd g - 2xr (3.64) 

without any restrictions on the wave function. 

For arbitrary x the conditions (j3.63J) lead to very strong restrictions on the wave function 

M o tf(C,t,r,0) = (d c + lgd g )*(C,t,r i g) = 

Y_ 1/2 V(( : t } r,g) = -9 r *(C,t,r,p) = (3.65) 

which means that ^((,t,r,g) = ^>(£, g 1 /^). 
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Finally, we add the generator N in order to obtain the representation of otti. It is of the form 
N = —td t + C<^c — k'oQdg an( i the condition [S, N] = is satisfied automatically. Note that for this 
algebra the linear Schrodinger equation has the form: 

2d c d t + %gd 9 d t - df] *(C, t, r,g) = (3.66) 



c 

These results are also included in table [T] 
3.3 Subalgebras scf^ and 

In these algebras we must add to agt l and aQt l the generator of time translation X_i = —d t and 
satisfy the commutator = 2X . Inserting this condition into the generators eq. ()3.39|) we find 

Poi = 2y and m(v) = V 1 = gt~ y . 

The representation of scl) 1 is 

= -d t , y_i = -d r 

M = -d ( 
Yi = —td r — rdr 

2 ' s 



v n = -td t - ^rd r - ygd g - | 



X 1 = -t 2 d t - trd T - ^r 2 d ( - 2ytgd g - xt (3.67) 

and for sci) l we have K = k g, hence ()3.67j) holds true, together with 

N = -td t + (d c - k gd 9 (3.68) 

For the invariance of the linear Schrodinger equation we merely have to consider a single commutator 

[S, Xt] = -2tS - (1 - 2x)M + M Q sch , Q sch = Aygd g . (3.69) 

The linear Schrodinger equation is invariant if 

M v|> = , *{C,t,r,g) = > t f>(t,r,g) (3.70) 

which means that either the wave function does not depend on ( or else 

Q sch V = (1 - 2x)^> , vD(C, t, r, g) = g^ 2 ^(C, t, r) (3.71) 

Even in the case x = | we must impose an auxiliary condition on the wave functions. 
Again, we include our results in table [T] 



4 Invariant nonlinear equations 

Having classified in the previous section the representations of the parabolic and almost-parabolic 
subalgebras of (conf 3 )c which leave the linear Schrodinger equation S^fr = invariant, we now construct 
systematically all semilinear invariant equations S^f = F(£,t,r, g;^f,^f*), along the lines recalled in 
section 2.1. 
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4.1 Subalgebras agc 1 and agc 1 

First we take the almost-parabolic subalgebra (|3.14j) . The potential F must satisfy the system, see 
eq.flHJ) 

d r F = , d ( F = 
(2td t + 2ygdg-x(Vdu + it!*d 9 *) + (x + 2))F = 
(td t +poit y m(v)d g -x(^d^ + ^*d^) + (x + 2))F = (4.1) 

In the general case the solution is: 



^=^A[h.»+/ d ^ wnWB( r ) r a> 4i n.2) 



In the special case m(t>) — v this leads to the following form of /o 

/ = / An [t^V^^W - vi^g 1 -*)^*] , |^ (4.3) 

Note that the case x = 1/2 can be obtained by putting k = (y + l)/y. 

When the operator Q is taken in form (J3.37)) the solution in the NMG-representation is 

= (t P01 ' 2v 9r^^f l a9h U^-^g)**^*, (4.4) 

So, the nonlinear Schrodinger equation is 

(2d c d t -^(C,t,r,g) = F 1 am (4.5) 

For the extention to the parabolic algebra agz l , we must add the equation 

(td t + k gd 9 )F = (4.6) 

which leads to the following equation for /^ fl£ 

Poi -2y + k ( i n 9 
2(poi - y) 

where u = {t P01 ~ y g) 2 ^<n-yi^f an d t> = ty/vp* 
There are two cases: 

1. the generic solution p % ^ 2y — k Q 



{x + 2-xu-^)f 1 asti (u,v) = 0. (4.7) 



, x+2 ( * \ 

4 = $V /^ (^J 



which is the same as for the nonmodified representation of the Schrodinger algebra. 



(4.8) 



2. a non-generic solution poi — 2y — k§. Here the form of the potential is the same as in (|4.4jl but 
one has an additional constraint on the parameters of the algebra. 
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Note that in the canonical case x — | one must also put poi = in the above results. 

We consider now the MMG-realisation (J3.42)) of the algebra age x . The potential is found from 

d r F = , (d c - 2y^dA F = 



which has the solution 



{2td t + 2ygd g -x{^dv + y*d**) + {x + 2))F = 

(td t -x(Vd* + y*dy*) + (x + 2))F = (4.9) 

= bX+2 f 2 ^ ( r **> Jr) > b = t-\g lK2y) (4-10) 



The nonlinear equation invariant under the same algebra is 



(2d c d t - ^-gd g - d^j *(£f,r,0) = F a 2 gei (4.11) 

When we extend this to the parabolic subalgebra a0e x by including the generator N (see (|3.25|l ). we 
have 

^ y -2^(x + 2-xu^)f am (u,v)=0. (4.12) 



where u = b x ty and v = ty/ty*. Our results give 

1. the generic solution fc 7^ %■ We recover the same result as for nonmodified Schrodinger algebra 

2. a non-generic solution k = Ay. The result is the same as in (I4.1(J|) . but the central generator 
N = —td t + C<9( — ^ygdg is specified. 

These results are valid for arbitrary scaling dimension, but for the case x — | there is no restriction on 
the wave functions. 

The results for the non-linear potential F are collected in the table El We give the generic solutions 
for the CclSCS clS defined in table ^ For each of the cases, we had the linear equation S^> = together 
with eventual auxiliary condition(s) for a given value of x. Now the associated non-linear equation 
is simply Sty = F, where F is read from the table. In table El we also list the non-generic solutions 
which are distinguished by the conditions mentioned and for some of which there are modified scaling 
variables to be used. 



4.2 Subalgebras a[ti and a[ti 

For the realization ()3.64|) of alti (note that for this realization of the algebra one has k' + s = 2y by 
construction), the potential is found from 

d r F = , (C<9 C + sgd g )F = 
(td t + (d < + sgd g -x(tydy + ty*d< s ,*) + (x + 2))F = 

(tdt -x(tydy + ty*d^) + (x + 2))F = (4.13) 
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Table 2: Solutions for the invariant semilinear potential of the equation = F. The cases are the 
ones from table and / is a generic symbol for an arbitrary function. 



case 


subalgebra 


potential F 


condition 







agc ± 




m(v) arbitrary 




1 

2 


mi 


a x+2 f(a x y,ty/ty*) 

^,(x+2)/x ff^f/^f*\ 

a x+2 f(a x V,y/iI>*) 


Poi ^2y-k 
p 01 = 2y-k 


a = [£Poi-2j/gjl/(2(poi-2/)) 

a = [^-*o]V2(»-fco) 


3 
4 


a0e x 


b (x+2) f(b~ x ^,^/^*) 

^,(x+2)/x f(^f/^f*\ 

l,(x J r2) -P / T,—XVTf lTr /iTr*\ 

b { ■ } j[b W,W/W J 




o = t Qg ' y 


5 
6 


altj 
alti 


r*- 2 /(C-'<7, 

C - x - 2 /(c x ^,^/^*) 






7 

8 


3d)! 


g-{x+2)/2y J^gx/2y^^ ^ 
1 j r (a;+2)/x J^/vI/*) 
^-(x+2)/2y j^ g x/2y^^ ^ 







to have the form 



alti 



(4.14) 



When we want to have also invariance under alti the iV operator gives (td t — C<9( + k' gd g )F altl = 0. So 
in this case we have 



F-r. = a~ x ~ 2 H a x V 

alti J alti \ 

The nonlinear equation invariant under the same algebra is 



a = t (-s/(s+k> ) g -l/( S +k> ) 



2d c d t + Ay 9 -d g d t -dl\ *((,t,r,g)=F altl (F^ ti ) 



(4.15) 



(4.16) 



and the results are again included in table El We point out that the form of F agrees with the special 
solution obtained before for agej-MMG representation. 



4.3 Subalgebras st\) x and st\) x 

Now the system is 

d r F = , d c F = , d t F = 
{2ygd g -x(^dn, + ^*d^) + {x + 2))F = 

which has the solution 



an = 9 



-(x+2)/(2y) 



(4.17) 
(4.18) 



The result for the algebra sct) 1 we obtain by adding the invariance under generator N, which leads to 
the following equation 



2y 



(x + 2-xu-^J f sc t )l (u,v) = , u = g x '^ , v = 



(4.19) 
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with solutions: 

i) in the case k ^ like (|Ojl . 

ii) in the case fco = like (|4.18|) . but with a non- modified central generator AT. 
The nonlinear equation has the generic form 

(2d c d t -d 2 r )y(t,r,(,g) = F scW (4.20) 

5 Consequences and conclusion 

Motivated by the problem to understand the form of the scaling functions of the two-time observables 
in phase-ordering kinetics, we have been led to reconsider the question of finding semilinear Schrodinger 
equations which are invariant under a conveniently chosen representation of the Schrodinger group. 
The main difficulty is that if one considers the 'mass' as a fixed constant, Galilei- together with spatial- 
translation invariance implies that such an equation should be invariant under simple phase shifts which 
severely restricts the possible form of a non-linear potential and in general is only possible for complex 
wave functions $. As we have seen, a possible way out of this difficulty is to consider the 'mass' as 
an additional dynamcial variable and then to go over to a 'dual' formulation with a wave function 
^ = *ff((,t,r), see eq. fjl.7|) . In this way the Schrodinger algebra sci) d is actually embedded into a 
conformal algebra (conf d+2 )c which naturally leads to the question of finding all semilinear Schrodinger 
equations = F(ty, \E r *) conditionally invariant under some parabolic or almost-parabolic subalgebra 
of (ccmf d+2 )c, see figure lbcd. 

We then considered two extensions by further giving up some other property which is habitually 
admitted: 

1. non-hermitian representations were constructed in section 2 and the corresponding non-linear 
equations are found, see eqs. (I2.23l2.24l2.25l2.2(-j|) . 

2. a dimensionful coupling g was explicitly introduced into the potential. The classification of the 
differential operator representations which also leave the linear equation Sty = invariant is given 
in table [U and the corresponding semi-linear Schrodinger equations Sty = F are listed in table El 

Besides this classification, we think the most remarkable result is that quite generally, real-valued 
solutions of these invariant equations are obtained. 

To illustrate the possible impact on the understanding of phase-ordering kinetics, we reconsider 
eq. (J4.4|) with p i = 2y or else eq. (J4.18j) together with their auxiliary condition. We write the wave 
function as \l/(C,t,r, g) = g <yl ~ 2x ^ <yAyS) il){C, ) t ) r) where ip is a real-valued function which satisfies the 
equation 

(2d ( d t - d 2 r ) V> = g~ 5/{4y) f = (# 4y ) (5.1) 

where / is an arbitrary function and /(j) = p 5 /(j). Up to the Fourier/Laplace transform with respect 
to £, this is of the same form as the coarse-grained kinetic equation (J1.4)) habitually used to describe 
coarsening. Since quite different functions / can be described in terms of the same symmetry, this might 
provide an explanation for the well-established fact JTj that the long-time behaviour of correlators and 
response functions in phase-ordering kinetics is quite independent of the precise form of the potential 
V(ty). We shall elaborate on this elsewhere. 
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On the other hand, one may use these symmetries to reduce the nonlinear Schrodinger equation to 
a linear equation and hence obtain new explicit solutions, along the lines of [3U] . We hope to return to 
this elsewhere. 

Acknowledgements: We thank R. Cherniha and R. Schott for useful conversations. S.S. was sup- 
ported by the EU Research Training Network HPRN-CT-2002-00279. 
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